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Abstract--In this work we present a new algorithm to study the inclusion of points into polygons whose 
edges are curve segments. It is valid for closed planar polygons whose edges can be straight line segments, 
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1. INTRODUCTION 

The inclusion of points into polygons is a widely 
studied problem and there are many algorithms 
proposed for its solution [l-6]. The best known 
solution considers an infinite half-line that starts 
from the point to be studied, and counts the number 
of intersections of the half-line with the polygon 
edges. If  this number is odd, then the point is inside 
the polygon. Some proposed algorithms [2, 31 count 
the intersections by the resolution of equation 
systems. The main problem of these algorithms is 
the stability [3] and, moreover, these algorithms must 
take into account many special cases [2], such as the 
half-line passing through a vertex (the union of two 
edges), or the half-line overlapping an edge, etc. 
Other algorithms are based on calculating the so- 
called winding number [5], whose main problem is 
that they work with trigonometric functions, intro- 
ducing, therefore, accuracy problems and high cost 
of computing time for calculating the operations. 
Besides, the extension of these algorithms for curved 
polygons is not easy. 

Our work avoids all these problems; in our method 
the use of equation systems and trigonometric 
functions is not necessary. Besides, our algorithm 
avoids special cases, and the most complex opera- 
tion, in the worst implementation, is calculating a 
3x3 determinant, similar to that of the 4x4 
determinant method [6]. Therefore, the algorithm 
obtained is simple and robust. 

The problem to solve is: given an arbitrary point 
and a planar curved-edge polygon (curved polygon 
to simplify) whose edges can be straight line 
segments, conic sections or cubic B&zier curves, 
determine whether the point is inside or outside of 
the curved polygon [see Fig. l(a)]. The method that 
we propose is an extension of a previous method [l] 

’ Author for correspondence. 

that only works with straight edges. The funda- 
mentals of the method consist in the decomposition 
of the curved polygons in a set of overlapping 
triangles and closed curved regions [see Fig. l(b)]. 
This reduces the problem to considering the inclusion 
of the point in these pieces (easy to solve) and to 
merging the individual results by simple algebraic 
additions. 

The next section introduces basic definitions, 
notations we will use later, and the inclusion test 
algorithm for polygons with straight edges. Section 3 
introduces the concepts “conic region” and “BCzier 
region”, and reviews the inclusion in these regions. 
Finally, in the last section we study the inclusion 
problem of non-manifold closed curved polygons 
with holes. Conclusions and future perspectives are 
presented in Section 5. 

2. BASIC CONCEPTS 

Before discussing the algorithm for curved poly- 
gons, we review the concepts in Ref. [l] which are the 
basis of the new algorithm. 

Lemma 1. For any three dljkent points PI, Pz and Q, 
Q is on the edge PlP2 fund only I$ 

(a) sisn([PlP2Ql) = 0; 
(b) (Pz.-“: - Qx) (Pl.x - Q.x) + (&.y - 0.~) 

(PI .J’ - Q.y) < 0 

where sign(x) is equal to 1, - 1 or 0 if x is positive, 
negative or zero, respectively, and [PlPzQ] is the 
signed area of triangle PIPZQ, which can be calculuted 
as 

J P1.x P1.y 1 
2 P? x P2 y  1 

Q x Q.Y 1 

Proof. The first condition means that the points PI, 
P2 and Q are collinear, and the second verifies that 
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Fig. 1. Problem to study 

- __ 
the angle formed between the vectors QPl and QPl 
does not exceed 180”. 0 

Lemma 2. Let P1P2P3 be a triangle and Q a point. Q is 
inside PIPZP3 ift and only if 

Proof. See Ref. [l]. 0 

As Fig. 2 shows, since Q is interior to P1PzP3, it 
follows that the orientations (signs of the signed 
areas) of QPIP2, QP,P3 and QP3Pl are the same as 
the orientation of P1P2P3. If  Q is not interior to PI 
PzP3. then there exists at least one triangle with 
orientation different to PIP2P3. 

Theorem 1. Let P = el,e2, ,e, be a general polygon. 
Let e, denote its ith edge whose vertices are ei,o and q. 1. 
Let Q be an,ypoint and let 0 be the origin. Then Q is 
inside P if and only (f 

2A.i = 1, 
i=l 

where 

. i 

siw(Peil) if Q E Oei, 

A; = ~skn([OeJ) 
__- 

if Q E (Oel,o IJ Oei.l), 

0, otherwise 

Proof. See Ref. [l]. 0 

POSITIVE ORIENTATION 

NEGATIVE ORIENTATION 
Fig. 2. Triangle inclusion. 

Figure 3 shows four examples of the inclusion test 
over a non-manifold closed polygon with a hole. The 
edge csi is given counter-clockwise orientated if it is an 
exterior edge of the polygon, and clockwise orien- 
tated if it is an interior one, that is, if it is a hole’s 
edge. To determine if a point Q is in a general planar 
polygon, it is enough to calculate the sum of the signs 
of the signed areas of all the original triangles that 
contain Q, determined by the origin and each of the 
edges ej of the polygon. If  Q is on an original edge 
common to two (or to an even number if the vertex is 
non-manifold) original triangles (point Ql in Fig. 3), 
count half a sign for each one. To determine if Q is 
on the boundary of P we previously check if it is on 
the edge ej or not. 

3. INCLUSION IN CURVED REGIONS 

Once the inclusion in polygons has been studied, 
the next step is to extend this algorithm to deal with 
curved edges too. The possible curved edges that we 
consider are conic sections and cubic BCzier curves. 
But, before studying these particular curves, we 
provide an intuitive definition about the concept of 
“curved region”. 

Definition 1 (curved region). The closed region of the 
plane delimited both by a curve segment and by the 
straight line segment joining its ends, and for which 
it holds that: 

(a) the curve segment does not intersect the line 
segment except for its ends, and 

(b) all the points in the region, but the boundary, 
lie on the same connected component of the 
(curve that contains the curve segment, 

is called a curved region. 
Figures 4 and 5 show various curved regions. 

While in Fig. 4 all the examples are valid curved 
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Q, :0+0+0+0+0+%+%+0 + o+o+o+o+o =1 
Q2:O+O+O+O+O+0 +l +(-I)+ l+O+O+O+O =l 
Q:~:o+o+o+o+o+o +l +(-l)+ o+o+o+o+o =o 
Q,:0+0+0+0+0+1 +o +o + O+O+O+O+(-l)=O 

Fig. 3. Point-in-polygon test. 

regions, Fig. 5(e) does not hold the first condition in 
Definition 1, and Fig. 5(&l) do not hold the second 
one. Afterwards, we give methods for dividing these 
curve segments getting valid curved regions. 

Similar to the case of triangles, each curved region 
has an associate sign of value 1 or - 1. This sign 
gives information about the orientation of the curved 
region. If a curved region has a sign of value 1 (- I), 
then going through the curve segment from its initial 
point to the end point, and coming back through the 
line segment to the initial point, is done counter- 
clockwise (clockwise). Figures 4 and 5 show various 
curved regions with different signs. 

The first step in developing the algorithm is to 
establish the mechanism for deciding the point 
inclusion in two types of curved regions, “conic 
regions” and “Bezier regions”. After getting this first 
goal, we will be in a good position to discuss the 
general algorithm. 

3.1. inclusion in a “conic region” 
Definition 2 (conic arc). The conic arc A, defined 

by the tuple (f, 16, Vi, s), is the collection of points 
in the plane which belongs to the conic curve defined 
by f(x,v) = 0, beginning at the point Ve and 
finishing at the point Vi; considering the arc that 
lies to the right (left) of vector I’s Vi, going from V. 
to VI, ifs is 1 (-- 1). 

Note: it is supposed that the coefficients in f are given 
in their general implicit form and in such a way that 
f(x:r) < 0 for the points that lie in any concavity of 
the conic. 

Although (f, Vo, Vi) is sufficient to define a conic 
arc if the coefficients in f define a parabola or a 
hyperbola, it is not sufficient for ellipses because 
there are two possible arcs beginning at Va and 
finishing at Vi [see Fig. 4(c)]. In this case the value of 
s decides which one is correct. 

We can associate to each conic arc A(f, VO, VI, s) a 
curved region defined by the curve segment A and 
the line segment Va Vi. We assign the term conic 
region RA to this curved region, and its sign, R*.sign, 
is the value of s. Figure 4 shows examples of conic 
regions. The next lemma gives a method for 
calculating the inclusion in conic regions. 

Lemma 3. Let RA be a conic region dejined by the 
conic arc A(f, VO, Vi, s), and let Q be any point. Then 
Q E RA ifand only ifany of the following conditions is 
verzjied: 

(4 

(b) 

f(Q)<0 A (skn([~oQ~d 

= s V sign([vsQvi]) = 0); 

f = 0 is a hyperbola V (a) 

A (skn(dr(Q)) = skn(df( vo))) 

where dr is !he implicit equation qf the directrix of the 
hyperboia f = 0. 
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\ \ : 
vo : 

.\ ..)iy 

vo ‘.i 1’ ,.. 
Vl Vl : 

/ __\_\j_ 

Go (b) 
vo 

(-: 
) 

Vl 
(c> 

Conic Region with sign = +l El :: .: Conic Region with sign = - 1 
Fig. 4. Conic arcs and conic regions. 

Proof. The first term in condition (a) establishes that 
Q must be on the conic or in any concavity of it, but 
Q could accomplish this and be located out of RA. 
This situation is corrected with the second term in (a) 
establishing that the orientation of Q with regards to 
VoV, must be equal to the orientation of points in 
conic arc A with regard to VoVl (given by s); or Q is 
on the line segment Vo VI (sign([P’,QV,]) = 0). I f  
f= 0 is a hyperbola, besides the condition (a), Q and 
V. (or V,) must lie in the same side with regard to the 
hyperbola directrix. This is checked by substituting 
both points into the directrix implicit equation and 
verifying that both of them have the same sign. 0 

3.2. Inclusion in a “‘B&k region” 
In this work, we only consider cubic Bkzier curves, 

i.e. curves defined with four control points. Various 
cubic BCzier curves and their control points are 
shown in Fig. S(a-e). 

Mathematically, a parametric Bhzier curve is 
defined as follows: 

B(t) = 2 CiJn,i(t), O<t< 1 (1) 

where Ci are control points and 

J,,j( t) = 
0 

1 P( 1 - t)n-i 

Extending Equation (1) with n = 3, we obtain the 
well-known cubic polynomial: 

B(I) = CO(l - z)~ + 3C,r(l - r)‘+ 3C,t2(l - t) 

+ C3t3, o<t<1 (2) 

Although Fig. 5(a-e) show basic cubic Bkzier 
curves types, we are going to use only those that 
verify the two conditions in Definition 1 (valid curve 
segments). The fundamental property of this type of 
Btzier curve is that there is not a singular point (self- 
intersection) contained in the convex hull [see Fig. 
5(&d)], and the interior of line segment C0C3 does 
not intersect the BCzier curve [see Fig. 5(e)]. To check 
if a BCzier curve, with no singular point inside its 
convex hull, intersects CoC3 we can use the following 
lemma. 

Lemma 4. Let B(t) be a BPzier curve de$ned bq 
Equation (2) that has no singular point inside its 
convex hull. Then B(t) intersects the interior of CoC, if 
and only if 

sign([C0ClC31) # sign([CoC2C31) 

with both signs difSerent from zero. 

Proof. Since the derivatives at the initial and final 
points of the BCzier curve are determined by the 
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co 

c3 c3 

(4 

c2 

(b) 

(4 Cd’) 

W (e’) 

n Bezier Region with sign = +l 0 Bezier Region with sign = - 1 

Fig. 5. Cubic Bkzier curves and valid Bkier regions. 

second and third control points respectively, the only 5(e) (without singular point but intersecting C&j) 
way in which the curve can intersect m is that C, can be decomposed in valid curve segments by 
and C2 be in different sides of the line defined by dividing it by its parametric mid-point (using the de 
COG’,. which is equivalent to saying that triangles Casteljau algorithm [7]) and checking if both 
COClC3 and CoC2C3 have different orientations, obtained curves do not verify the condition of 
which is verified by the lemma condition. 0 Lemma 4; if any verifies it (rare cases), then the 

process is repeated recursively [see Fig. 5(e’)]. I f  a 
A B6zier curve similar to the one shown in Fig. Bezier curve contains a singular point inside its 
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convex hull, then it must be decomposed to obtain . nr=r!= 3, [=3; 
valid curve segments. We discuss the singular point l f(r) = at3 + bt’+ ct + (d-x), Equation (2) coordi- 
problem in the following subsection. nate X; 

l g(t) = a’t3 + b’t2 + c’t + (d - y), Equation (2) co- 
3.3. Locating the singular point in cubic BPzier curves ordinate K 

It is possible to know if there is a singular point . a0 = (d-x), a, = c, az = b, a3 = a; 
inside the Bezier’s convex hull without calculating it. l bo = (d-y), 6, = c’, b2 = b’, b3 = a’; 
But. since it is often necessary to calculate the singular . x = t. 
point to divide the curve, we calculate the singular 
point as follows: Therefore, the Bezout matrix forf(r) and g(t) is 

MU(t)> g(t)) = 

la3 4 I la a0 

I 
(3) 

Substituting in Equation (2) the control points 
coordinates values, we obtain two equations, B,(t) 
and B,(t), one for each coordinate. If there is a 
singular point, then there are also two distinct values, 
[I and tz, such that B,(ti) = Br(tZ) and 
B,.(tI) =B+.(tz). The solution does not exist if 
U.y = 0 or if U.xT.y - T.xU.y = 0, where 
U = -PO + 3(P1 - Pz) + P3 and T = 3(Po - 2P1 
+Pz); that is, the curve does not have a singular 
point. Besides, if tl and t2 are not inside the interval 
(0,l). we can say that the singular point is not inside 
the convex hull. 

If the singular point is inside the convex hull, then 
the curve must be divided by its singular point into 
two curves having no singular point inside their 
convex hulls [see Fig. S(c’-d’)]. This operation can be 
easily done with the de Casteljau recursive algo- 
rithm [7]. 

The next step is to treat BCzier curves as tonics, in 
the sense that we can decide the relative position of a 
point Q with regards to the Bezier curve. For this 
purpose, we need to express the Btzier curve in its 
implicit form, which is discussed in the next section. 

Note: We assume that when we refer to a Bezier 
curve it is a valid curve segment (no singular point 
into the convex hull and not intersecting the line 
segment joining its ends). 

3.4. Implicitization of cubic Btkier curves 
There are many studies about the parametric 

function implicitization problem. We have chosen 
to solve this problem using Bezout’s resultant 
method [8, 91. 

The BCzout method gives the resultant of 

f(x) = 2 aixi and 2 bix’ 
i=O /=o 

as a determinant, whose order is / = max(m,n). In 
our case: 

To obtain the implicit form of the Bezier curve. we 
only have to calculate the determinant of this matrix. 
But coming back to the beginning of our statement, 
we are not interested in calculating the implicit 
Bezier equation, we only want to know the relative 
position of a point Q with regards to the Bezier 
curve. Previously and similarly to the conic case. we 
introduce the Bezier Region concept. 

We can associate a curved region to each valid 
Bezier curve B(t) defined by Equation (2), formed by 
the points limited by the Bezier curve segment B(t) 
and the line segment CeC3. This region of the plane 
is called Bezier Region Rs, and its sign, Ra.sign, is 
calculated as sign([C,C’,C,]) if this value is different 
from zero; else the sign of the Bezier region is the 
value sign([CoCzC,J). 

Definition 3 (sign of a point with respect to a Bezier 
curve:!. The sign of a point Q with respect to a Bizier 
curve B(t) (whose parametric equations, expressed in 
the fcmrm (2) are B, and B,.), denoted Sign@), is 
calculated as 

1 if jM(B.Y - Q.x, BY - Q.y)l > 0, 
Signa( 

i 

-1 if IM(B, - Q.x, BY - Q.y)l < 0. 
0: otherwise 

Signa is equivalent to calculating the sign of the 
result of substituting the coordinates of Q in the 
implicit equation of the BCzier curve B(t). Finally, 
the inclusion of a point Q in the Bezier region Re is 
established with the following lemma: 

Lemma 5. Let B(t) be a valid Be’zier curve dejned by 
the control points Co, Cl, Cz and C,, let RB be the 
Bt!zier region associated with B(t) and let Q be any 
point. Then 

Q E RB u Q E convexhulla A (Sign,(Q) = 0 

V %ve(Q) # %%(Gd) 

where C,,, is one of the vertices of the convex hull of 
B(t) dierent from Co and C3. 
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Proof. Obviously, if Q is inside RB, then it needs to 
be in the convex hull of B(t). I f  Signn(Q) is equal to 
zero, then Q is on the BCzier curve and, therefore, Q 
is inside RB. Gout is selected in such a way that it is 
not inside RB and since there is not a singular point 
inside the convex hull, it follows that the BCzier curve 
splits the convex hull into two zones, one with 
positive sign and the other with negative one. 
Therefore. the only possibility for Q to be inside 
RB is that its sign with respect to B(t) be the opposite 
to that of C,,,. 0 

Figure 6 shows various examples of the lemma. 
C,,, can be easily selected as the point Ci (i= 1,2) 
such that sign( [C;-1 CiCi+l]) = Ra.sign. 

Once the study of conic and Birzier region 
inclusion is done, we pass to detail the general 
algorithm for curved polygons. 

4. INCLUSION TEST FOR CURVED-EDGE POLYGONS 

Now the basic definitions for the development of 
the new algorithm are introduced. 

Definition 4 (curved(-edge) polygon). A curved 
polygon is a general polygon which has at least one 
edge defined by conic arcs or valid Btzier curves. 

We can represent a curved polygon as follows: 

CP=(el,ez,...,e,)U(c~,c:! ,..., c,) 

where ei are the polygon edges whose vertices are e,,. 
and ei.1, and 

where si is l.he value of the sign of the conic or BCzier 
region defined by the curve segment ci and the line 
segment eh calculated as shown in previous sections. 
and Cij G= 0.1,2,3) are the control points of the 
BCzier curve edge ci. 

Figure 7 shows an example of a non-manifold 
closed curved polygon with a hole and its representa- 
tion. This curved polygon has four curved regions, 
two conic ones and two BCzier ones (in order to be 
clear we do not paint the C,,). Similar to polygons in 
Theorem 1. the exterior edges are given orientated 
counter-clockwise, and the interior ones (defining 
holes) are given orientated clockwise. Note that 
edges e,, e;, e7 and e, , do not belong to the curved 
polygon, but they are necessary in order to define the 
curved regions in the polygon. 

Taking into account that int(.u) represents the 
interior of the object x in the respective topology to 
the dimension of X, sign(&i) E sign([0e;,lei,J) and 
sign(c) E R,.sign E (value s) in tuple that defines c, 
we now enunciate the inclusion in a curved polygons 
theorem. We briefly give an intuitive approach to the 
theorem after the proof. 

Theorem 2. Let CP=(el, ez.. , e,)U(c,, c2,. . . c,) 
be a curved’ pol.vgon and let Q be any point d@erent 
from the coordinate origin, and not on rhe CP’s 
boundary. Then 

Q E int(CP) M p(1i + pi) = 1, 
i=l 

where 

if ei has a straight edge, 

ci = 
if ei delimits a conic region, 

r,~, si) if e; delimits a valid Bezier region, (4) 

where Ci,o = ei,o and Cj,3 = ei.1 

R -sign=-1 
B 

sign([C,C,C,])= 1 

sign(lC1C,C31) = - 1 

%W,(Q,) = Sign,(Cou> 

S&n,(Q,) f Sign,(Cou) 

R,-sign = 1 

sign([CoC,C,l) = 1 

sign([C,C,C,l) = 1 

Q, 0 convex_huU, 

Sign,(Q,) = 0 

S&n,(Q,) f Sign,(Co,> 

Fig. 6. Inclusion test for Bkzier regions 
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c1 = q. e 1,O’ el,J’ +l)* c2 = (eZ,O. c&. c2,z. e2,1’ -1) 

c7=(f,e 
7 7,O’ e7,1’ -l)y c,* = (e,, o’ Cl1 1y C,, 2s ell I, +l> 

cp = (e,p e2’ e3’ e4, es, e6 9 
e7, eg, eg, elO’ ell’ e12) ” 

cc 3 c 1 2’ null, null, null, null, c 
7’ 

null, null, null, c 11, null) 

Fig. 7. Curved polygon 

sign( Oe,) if Q E int(Oei), 

1; = 
isign(Oei) if (Q E (int(Oer,a) U int(Oe,i))) 

or (Q E int(e;) and ci # null), 

0, otherwise 

and 

l 

sign( c;) if Q E int(R,,) and ci # null, 

p, = isign if Q E int(p;) and ci # null, 

0, otherwise 

If Q is the coordinate origin, we apply a translation 
to both the curved polygon and Q, and then we can 
use the theorem. In order to see if Q is on the curved 
polygon boundary we previously check if Q is on the 
polygon edge (straight or curved) by using Lemmas 
1, 3 and 5 (the last two restricted to the boundary). 

Proof. I f  Q E int(CP), then the half-line that starts at 
the origin, passes through Q and goes to infinity, has, 
from Q, an odd number of transitions from the inner 
to the outer of the polygon or vice versa. We are 
going to prove that the theorem expression is equal 
to one in this case and that it is equal to zero if the 
number of transitions is even, i.e. the term on the 
right of the expression is equivalent to calculating the 
parity of the number of transitions from the inner to 
the outer of the polygon or vice versa. 

For each positive original triangle Oei (ci=null) 
that contains Q, there is an intersection point 
between the half-line and the edge ej of this triangle. 
This necessarily involves that the half-line in this 
point goes from the inner of CP to its outer. Just the 
opposite occurs when the triangle has negative 
orientation, i.e. the half-line goes in this case from 
the outer to the inner of CP. We can, therefore, 

transitions is equivalent to adding the signs of the 
triangles that contain Q, but if the half-line passes 
through a vertex, then it is necessary to consider the 
following situations: 

(a) The vertex is common to two triangles of the 
same sign, in this case ii = 4 or ELj = -4 for 
both triangles, i.e. it is equivalent to counting 
only one transition (with sign 1 or - 1 
according to the transition direction). 

(b) The vertex is common to a positive triangle 
and to a negative one. In this case in the 
intersection point there is not an orientation 
change from inner to outer or vice versa and, 
therefore. it must not be counted as a 
transition; this is so because the sum of the li 
values of both triangles is equal to 0 (4 + (- 4) 
or (- i) + t). 

(c) The vertex is non-manifold; the situation is the 
same as the one for cases (a) and (b), but the 
number of triangles that shared that vertex is 
even (see Fig. 9 point Q2). 

I f  the half-line overlaps any straight edge, then the 
edge’s vertices are considered as the intersection 
points, and then, this case is equivalent to a previous 
one. If  the half-line passes through any curved edge 
(Ci), then there are two cases: 

(a) Q E int(R,); there are two possibilities: 
(a. 1) the half-line from Q cuts ci once [see Fig. 

8(a-b)]. This is true if the half-line does 
not cut the edge ei, and this means that 
Q is not inside Oei, obtaining A, = 0 and 
/I;= sign(ci) (or & = pi = 4 sign(ci) if Q is 
on the edge ei [see point Q’ in Fig. 8(a)], 
i.e. it is counted as only one transition 
(with the proper sign). 

(a.2) the half-line from Q cuts Ci zero or two 
conclude that calculating the parity of the number of times [see points Q and Q’ in Fig. S(c)]. 
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(d) 

(W 

i 

,Q .J&-$ - - ,. 
,':' 

(4 
Fig. 8. Theorem 2 proof cases. 

This occurs if the half-line cuts the edge (b) Q 6 int(R& there are two possibilities: 
ej, obtaining li= --pi, which is equiva- (b.1) the half-line from Q cuts the curve ci in 
lent to counting an even number (zero zero or two points [see Fig. 8(d-e)]. This 
or two) of transitions. Note that having necessarily implies that the half-line does 
two transitions is only possible if ci is a not cut the edge ej and, therefore, Q is 
Bezier curve. not inside Oei. Since Q is not inside 

(4 

(0 

e4 / 
\ 1 

e7 

QI: 6% W, (0, 01, 0, 0, 0, 0, (0, -l), 1, 0, 0, (0, o), o = o 
Q2: 6% I>, 6% O), 0, 1, -%, Y.z, (0, o):, 0, -%, -%, (1, o), o = I 
Q3: (0, Oh (0, O>, 0, 1, 0, 0, (0, O), 0, 1, 0, (-1, o), o = I 
Q4: (0, Oh (0, (4, 0, 1, 0, 0, (0, O), 0, 0, 0, (-1, o), o = o 
Q5: (0, 01, (0, 01, 0, 1, 0, 0, (0, O), 0, 0, 0, (0, I), -1 = 1 

Fig. 9. Curved polygon inclusion. 
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I_n : - Curved polygon CP defined as (4) 
- Point Q. 

QUL: - C if Q e CP, 

- 2 if Q E boundary(CP), 
- 1 if Q E int(CP). 

tot = I3 
IF (Q E boundary(CP)) THEN RETURN(2) 
FOR i -1 TO n DO 

/** calculating ii, **/ 

IF (Q E int(Oe,)) THEN 
tot = tot + sign(Oe,i 

ELSE IF ((@int(Oea,,) OR Qzint(Oe,l,)) OR 
(c,#null ANE Q E int(eA))) THEN 

tot = tot + Msign(Oe,l 
/** calculating pj **/ 

IF (c, t null AND Q E int(Rci )) THEN 

tot = tot + sign(c,l 
ELSE IF (c- # null AND Q E int(e,)) THEN 

tot = tot + %sign(c,) 
END-FOR 
RETURN(tot == 1) 

(b.2) 

Fig. 10. Algorithm. 

R,(& = 0) or inside Oei (&=O), the 
contribution is zero, which is equivalent 
to considering an even number (zero or 
two) of transitions. 
the half-line from Q cuts the curve ci in 
one or three points [see points Q and Q’ 
in Fig. 8(f)]. In this case we must count 
only one transition (with the proper 
sign), which is equivalent to counting an 
odd number of transitions. This happens 
because the half-line cuts the edge e,; 
therefore Q is inside Oe,, obtaining 
li = sign(Oei) and /$=O. Similar to 
(a.2), having three transitions is only 
possible if Ci is a Bt?zier curve. 

Although the theorem expression seems hard to 
read. basically it does not differ much from the 
expression in Theorem 1. Similarly. the process is 
based on the addition of the signs of the signed areas 
of the original triangles Oe, and the signs of the 
curved regions that contain Q. Now, for each curved 
region we sum two values, one for the curved region 
(83 and one for the original triangle formed by the 
origin and the line segment ej that delimited it (Ii). 
Similarly to Theorem 1, if Q is on an original edge 
common to two (or to a even number if the vertex is 
non-manifold) original triangles, we must count half 
a sign for each one. If  Q is on an edge ej that 
delimited a curved region, as Q belongs both to the 
curved region R, and to the original triangle Oei, we 
must count half a sign for each one again. 

Figure 9 shows the application of the theorem for 
five different points over the same curved polygon. 
Each value corresponds to the contribution of an 

edge I?i (value of Ai), beginning at el, and if ei has a 
curve ci associated to it, we give the pair (1, /3J. 

The test can be easily implemented evaluating the 
formula of the theorem. Figure 10 details, in 
pseudocode. the implementation of the algorithm. 

5. CONCLUSIONS AND FUTURE WORK 

A robust and simple algorithm for determining the 
inclusion of points into curved-edge polygons has 
been presented. It is robust because it is not 
necessary to solve equation systems and it is simple 
because the special cases and the functions it needs 
are simple. Its validity has been proved formally. and 
the way it works has been described. We think that 
the importance of the algorithm is not only these 
properties, but that it is founded on concepts [lo] 
that can be easily generalised to higher dimensions 
[l 11. In this way, we are working on the extension of 
the algorithm to 3-D. 
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